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Once upon a time in Set

CompHaus Alg(β)

Top LaxAlg(β)

(Manes 1969)
'

(Barr 1970)
'

CompHaus compact Hausdorff spaces
β ultrafilter monad

Alg(β) functions βX → X
with some axioms

Top topological spaces
LaxAlg(β) relations βX −7→ X

with some axioms
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Once upon a time in Set — the remake

CompHaus Alg(β)

UltCat PsAlg(β)

Top LaxAlg(β)

UltSp LaxAlgnorm
r (β)

(Manes 1969)
'

(Barr 1970)
'

(Rosolini 2024)
'

'

UltCat ultracategories
β ultracompletion pseudomonad

PsAlg(β) functors βX → X
with some structure

UltSp ultraconvergence spaces
(van Gool et al. 2026, e.g.)

LaxAlgnorm
r (β) profunctors βX −7→ X

with some structure
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Span Fiction

Let T be a functor on Set:

fmapT: (X → Y )→ (TX → TY )

How to extend fmapT to relations X −7→ Y ?

Relations correspond to spans:

R ⊆ X × Y 7→ X R Y

{(f (z), g(z)) | z ∈ Z} ←[ X Z Y

πX πY

f g

fmapT
(
X πX←− R πY−−→ Y

)
:= TX fmapT(πX )←−−−−−− TR fmapT(πY )−−−−−−→ TY
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Span Fiction
Theorem (Barr 1970). Let T: Set→ Set be a functor.

Then,

fmapT
(
X πX←− R πY−−→ Y

)
:= TX fmapT(πX )←−−−−−− TR fmapT(πY )−−−−−−→ TY

defines an oplax functor T: Rel→ Rel.
I T functor ⇐⇒ T preserves weak pullbacks.
I fmapT preserves inclusion of relations.

Examples.
ultrafilters (Barr 1970)
multisets for linear logic
powerset for coalgebraic modal logic, bisimulations, etc.
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Relations Unchained

relation X −7→ Y function Y × X → 2

monotone relation (X ,≤X ) −7→ (Y ,≤Y )
(s.t. x ′ ≥X x R y ≥Y y ′ ⇒ x ′ R y ′)

monotone function
(Y ,≥Y )× (X ,≤X )→ (2,≤2)

profunctor C −7→ D functor Dop × C→ Set
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Cospan Fiction

�1

�2

�3

�1

�2

�3

42

41

42

41

{
(�1,41), (�2,41),
(�2,42), (�3,43)

}
: {�1,�2,�3} −7→ {41,42}
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Cospan Fiction
Profunctors correspond to cospans:

R: C −7→ D 7→ C Coll(R) D

E(G−, F−) ←[ C E D

ιC ιD

F G

Let T be a pseudofunctor on Cat:

fmapT: Fun(C, D)→ Fun(TC, TD)

How to extend fmapT to profunctors C −7→ D?

fmapT
(
C ιC−→ Coll(R) ιD←− D

)
:= TC TιC−−→ T(Coll(R)) TιD←−− TD
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Cospan Fiction

Theorem (new). Let T: K→ K be a pseudofunctor on a
‘coregular’ bicategory K. Then,

fmapT
(
C ιC−→ E ιD←− D

)
:= TC TιC−−→ TE TιD←−− TD

defines a lax functor T:CodCofib(K)→ CodCofib(K) as
soon as T preserves fully-faithful arrows.
I T pseudofunctor ⇐⇒ T preserves exact squares.
I Similar characterizations for extending pseudonatural

transformations and modifications.
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From Set till Cat

How is β constructed?

(Tarantino and Wrigley 2025) construct
Loke(−): Monad(Set)→ Pseudomonad(Cat).
Given a category C, an object of Loke(T)(C) is a triple
(I, F: I → C, t ∈ TI) with I a set.

Theorem (ibid). PsAlgdisc(Loke(T)) ' Alg(T).

β is (a quotient of) Loke(β).

· · ·
i1 i2 i1 in

•

•

•

•

•
C

I
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The Hateful Conditions Allowing for Lax Algebras

Theorem (new). Loke(T) preserves fully-faithful functors, and thus extends to a lax
monad on Prof.

But to define LaxAlgnorm
r (T), one usually needs T to be an oplax monad, not a lax

one...

Theorem (new). Loke(T) preserves exact squares, and thus extends to a
pseudomonad on Prof.

We introduce the notion of lax monad allowing for lax algebras — extra conditions so
that LaxAlgnorm

r (T) is well-defined — and show:
Theorem (new). Loke(T) allows for lax algebras.
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True Equivalence

Def (van Gool et al. 2026). Ultraconvergence space:
discrete category A0 + A:βA0 −7→ A0 + some structure.

Lemma (new). Ultraconvergence spaces = discrete lax β-algebras.

Def (van Gool et al. 2026). Continuous map A→ B:
functor F : A0 → B0 + some structure.

Lemma (new). Continuous maps = representable colax morphisms of lax algebras.

Problem: LaxAlgdisc
r (β) has no non-trivial 2-cells, but UltSp does.

Solution: normalized lax algebras, à la (Cruttwell and Shulman 2010).
Theorem (new). UltSp ' LaxAlgnorm

r (β).
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That’s All, Folks!

CompHaus Alg(β)

UltCat PsAlg(β)

Top LaxAlg(β)

UltSp LaxAlgnorm
r (β)

(Manes 1969)
'

(Barr 1970)
'

(Rosolini 2024)
'

'

Further work:
I Lokes for bicategorical semantics of

effects?
I bicategorical coalgebraic techniques,

linear logic, etc.
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