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Once upon a time in Set

CompHaus W Algn(ﬁ)
Top (Barr_1970) LaxAIg(g)

CompHaus compact Hausdorff spaces
B ultrafilter monad

Alg(3) functions BX — X
with some axioms

Top topological spaces

LaxAlg(3) relations BX + X
with some axioms
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Once upon a time in Set — the remake

CompHaus «———

\

(Manes 1969)

g(8)

UltCat ultracategories
B ultracompletion pseudomonad

lUItCat —————— PsAlg(B)
r (Rosolini 2034) PsAlg(B) functors BX — X
% with some structure
Top % m’ LaxAlg(5) UltSp ultraconvergence spaces
i (van Gool et al. 2026, e.g.)
\N LaxAlg!*""([B) profunctors BX —+ X
UltSp ¢--—---F--——-3 » LaxAlg™™([B) with some structure
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Once upon a time in Set

CompHaus (Man 51969) AIg(B) CompHaus compact Hausdorff spaces
[ ultrafilter monad on Set
Alg(3) functions BX — X
with some axioms
Top topological spaces
= LaxAl relations BX - X
Top = LaxAlg(f) xAlg(B) ions 3

with some axioms

How to extend B from Set to Rel?
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Span Fiction

Let T be a functor on Set:
fmap': (X = Y) = (TX = TY)
How to extend fmap' to relations X + Y?

Relations correspond to spans:

RCXxY - XERDY
((f(2),8(2) |zeZ} « XLz 5y

maTﬂ' maTﬂ'
fmapl (X & R ™ v) = Tx &) 1 fow (10), 1y

4/14



Span Fiction

Theorem (Barr 1970). Let T:Set — Set be a functor.
Then,

maTﬂ' maTﬂ'
fmapl (X & R ™ v) = Tx {220 1 e 1), 1y

defines an oplax functor T: Rel — Rel.
» T functor <= T preserves weak pullbacks.

» fmap’ preserves inclusion of relations.

Examples.
ultrafilters (Barr 1970)

multisets for linear logic

powerset for coalgebraic modal logic, bisimulations, etc.
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Once upon a time in Set — the remake

~

CompHaus {Mames 1969) Alg(B)

\ \ UltCat ultracategories

UItS:at W’ PsAlg([B) B ultracompletion pseudomonad

PsAlg(B) functors BX — X
with some axioms

U UltSp ultraconvergence spaces
\ \ (van Gool et al. 2026, e.g.)
v o LaxAlg([B) profunctors BX - X
UltSp ¢~ » LaxAlg”™ () ~ with some axioms

How to extend (8 from Cat to [Prof?
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Relations Unchained

relation X = Y

function Y x X — 2

monotone relation (X, <x) -+ (Y <y)
(st. X >xxRy>yy =x Ry

monotone function
(Y’ZY) X (X7 EX) — (27 §2)

profunctor C + D

functor D°P x C — Set
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Cospan Fiction

{ (01, 21), (82, A1),

(O2, 22), (O3, 23) } {01 B2, U} = {A1, Ao}
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|

(D17 A1)7 (D27 A1)7

(Dz, Az), (D3, A3), } : {Dl, Dz, |:|3} —+ {Al, Az}

(s, Aq)

Cospan Fiction
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Cospan Fiction

(01, A1), (02, Ag),
(Dz,Az),(Dg,,A?,), 2{D1,D2,D3} —+ {Al,Az}
(Os, A1), (O3, Ag)
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Cospan Fiction
Profunctors correspond to cospans:
RC+D +~— C-5Coll(R)<D
E(G-,F-) « C—F5E«&% D
Let T be a pseudofunctor on Cat:
fmap': Fun(C,D) — Fun(TC, TD)

How to extend fmap! to profunctors C + D?

fmapI (C L—C> CO"(R) (L—D D) = TC E) T(CO"(R)) & D
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Theorem (new). Let T: K — K be a pseudofunctor on a
‘coregular’ bicategory K. Then,

fmap” (C S E 42 D) == TC ~% TE <2 TD

defines a lax functor T: CodCofib(K) — CodCofib(K) as

soon as T preserves fully-faithful arrows.
» T pseudofunctor <= T preserves exact squares.

» Similar characterizations for extending pseudonatural
transformations and modifications.

Cospan Fiction
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From Set till Cat

How is (B constructed?

(Tarantino and Wrigley 2025) construct

Loke(—): Monad(Set) — [Pseudomonad(Cat).

Given a category C, an object of Loke(T)(C) is a triple
(I,F:1— C,t € TI) with [ a set.

Theorem (ibid). PsAlg?*(ILoke(T)) ~ Alg(T).

B is (a quotient of) Loke(S3).
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The Hateful Conditions Allowing for Lax Algebras

Theorem (new). Loke(T) preserves fully-faithful functors, and thus extends to a lax
monad on [Prof.

But to define LaxAlg!°"(T), one usually needs T to be an oplax monad, not a lax
one...

Fheorem—(new)—loke(Tpreservesexactsquares—and-thus-extendsto—a
pseudomonad-on-Prof.

We introduce the notion of lax monad allowing for lax algebras — extra conditions so
that LaxAlg "™ (T) is well-defined — and show:
Theorem (new). Loke(T) allows for lax algebras.
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True Equivalence

Def (van Gool et al. 2026). Ultraconvergence space:
discrete category Ag + A:[BAo - Ap + some structure.
Lemma (new). Ultraconvergence spaces = discrete lax (B-algebras.

Def (van Gool et al. 2026). Continuous map A — B:
functor F: Ag — By + some structure.
Lemma (new). Continuous maps = representable colax morphisms of lax algebras.
Problem: LaxAlg?*c([) has no non-trivial 2-cells, but UltSp does.
Solution: normalized lax algebras, 3 /a (Cruttwell and Shulman 2010).
Theorem (new). UltSp ~ LaxAlg!° ().
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That's All, Folks!

CompHaus

\

—— 5 Alg

(Manes 1969) (B)

(Rosolini 2024)

UltCat +———
r

Further work:

> [Lokes for bicategorical semantics of
effects?

> bicategorical coalgebraic techniques,
linear logic, etc.

UltSp ¢-----=---—-+ LaxAlg*"™(B)
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